The structure of the overall response of a metal polycrystal is analyzed under the assumption that activity on the slip systems of its constituents is governed by a generalized Schmid law. In the resulting macro-model of metal plasticity, the overall rate of plastic deformation is related to the stress-gradient of the yield surface via a generalized, but still associated flow rule. While the overall rate of plastic deformation is no longer collinear with the stress-gradient of the yield surface, its deviation is characterized by an additional macro-variable, representative of the rate of the non-Schmid effects taking place at constituent level.
Introduction
The basic phenomenology of crystal plasticity was clarified in the early 1900's when it was recognized that crystals deform by plastic shearing along crystallographic directions, e.g., Ewing and Rosenhain [10] , Taylor [33] , see also the brief but very informative introduction into the early history of crystal plasticity in Asaro [3] . At about the same time it was proposed also, and later confirmed by direct observations, that plastic shear is, in fact, the result of the motion of numerous dislocations (one dimensional crystal defects) along crystallographic planes and directions, a process called slip. The specific crystallographic planes and directions along which a crystal can be deformed by plastic shearing are called slip systems. Schmid law is the constitutive link between the crystal kinematics and the stress field generated within the crystal by external loading. It states that shearing on a slip system can be initiated only if its corresponding resolved shear stress reaches a critical value, Schmid [29] . When all slip systems are considered, Schmid law defines a yielding (or activation) surface in stress space and, in the rigid-plastic approximation, the rate of deformation lies within the normal cone at the current stress state on the yielding surface. When aggregates of many crystals are considered, and Taylor [33] homogenization principle is employed (each constituent experiences the deformation imposed at the boundary of the aggregate) this geometrical structure propagates virtually intact at macro-level: the macro-rate of deformation is along the exterior normal to the overall yield surface, Bishop and Hill(1951a,b) .
The theory was later extended to allow for arbitrary elastic strains, Rice [27] and Hill and Rice [19] , and for general conditions for estimating the overall response of an aggregate, Hill [18] . However, in the elastic-plastic context, the normality structure of the theory does not seem to follow as straightforwardly: in Rice [27] it was conditioned by the assumption that "the rate of progression of any local micro-structural rearrangement within the material is dependent on the current stress state only through the thermodynamic force conjugate to the extent of that rearrangement"; in Hill and Rice [19] it was recognized that normality depends on the evolution law assigned to the slip systems of a constituent. The matter is reconsidered in Soare [30] where the structure of the macroscopic constitutive model is deduced for a quite general class of slip system evolutions; in particular, if the slip systems convect with the lattice of a constituent, the macro-model enjoys the normality structure.
On the other hand, phenomena like cross-slip of dislocations, Asaro and Rice [5] , or pressure dependence of yielding, Spitzig and Richmond [32] , imply that Schmid law may provide only an approximate description of the forces governing slip activity; hence the normality rule also may provide just an approximate description of the direction of plastic flow. The question is then: what is the precise relationship, if any, between the direction of plastic flow and the yield surface, at both single crystal and macro levels when generalizations of Schmid activation criterion are considered ? It appears that the question is not trivial since violations of Schmid law (or non-Schmid effects) at crystal level have been usually interpreted as an indication that in continuum models of metal plasticity the yield surface no longer determines the direction of plastic flow, via the normality rule, and that an additional constitutive element, in the form of a plastic potential, would be required to characterize the direction of plastic flow, e.g., Vitek et al [34] , Gröger et al [13] .
Here, we consider a polycrystal aggregate for which a generalized Schmid law controls slip at constituent level, and aim at deducing the structure of the overall response of the aggregate. The approach is similar to that in Soare [30] but the framework is different. Since the symmetry of the instantaneous elastic moduli is crucial for both theoretical and practical considerations, and with an eye to further applications, the constitutive response of a constituent will be explicitly hyperelastic. A general theory of the elastic-plastic response of such aggregates has been described by Hill and Rice [20] . Most of the present developments will be featured in the context of this theory. At its foundations lies the parametrization of the plastic state; while in the cited work this is left at an abstract level, the aim being at a general theory, here the multiplicative elastic-plastic decomposition of Rice [27] is employed explicitly to construct parameterizations of the plastic state at crystal level.
Single crystal model: basic equations
We begin our analysis from what is actually observed. Thus we write the basic equations characterizing the response of a crystal by first referring them to a spatial (or laboratory) frame (eulerian description). Then considering a crystal deformed plastically by shearing along crystallographic directions, an observer of the resulting motion writes, Hill and Rice [19] , Asaro and Rice [5] , Asaro [4] :
where: l = d + w represents the decomposition of the spatial gradient l of the local velocity field into rate of deformation and spin; A denotes the set of active slip systems at a material point of the crystal,γ α denotes the rate of plastic shear on slip system α, and
{m α , n α } and {−m α , n α } are viewed as two distinct slip systems; henceγ α > 0, for all α ∈ A.
K J is the tensor of instantaneous elastic moduli associated with the Jaumann rate of the Kirchhoff stress τ := Jσ, where J is the determinant of the deformation gradient (with respect to some reference configuration) and σ is the Cauchy stress. Eq.(3) reproduces the point of view of an observer attached to a frame spinning at the rate w e , the spin of the crystal lattice with respect to the material. The point of view of an observer attached to a frame spinning with the material is obtained by rearranging eq.(3) in the forṁ
where it has been defined
Of further interest is the restatement of the above stress-strain relationship in terms of the Truesdell stress rate. A rearrangement of eq.(5) yieldṡ
where, based on the relationshipτ
The corresponding rate of plastic deformation, as measured by an observer attached to a Truesdell frame (i.e., a frame convecting with the motion), is
3 Single crystal model with elastic potential
Defining an elastic potential requires a parametrization of the plastic state. It seems that the most convenient way to achieve this is by employing the multiplicative elastic-plastic decomposition of the deformation gradient with respect to a reference configuration. Then let B 0 ⊂ R 3 denote a reference configuration of a crystal subject to the motion x =x(X, t), X ∈ B 0 , t ∈ [0, ∞). The motion, B 0 and the current configuration B t := {x(X, t)|X ∈ B 0 } of the crystal are referred to a common Cartesian (fixed) frame. At each material particle X a multiplicative decomposition of the deformation gradient F (X) is assumed to exist, Rice [27] :
Thinking of the crystal as of a composite consisting of "material" and "lattice", F p is to represent the plastic shearing of material (through the crystal lattice) and F * the accompanying elastic distortion during which the lattice and material deform as one, see Asaro and Rice [5] or Asaro [4] for a pictorial representation. F * incorporates also the local rotation of the crystal due to the constraints imposed by the neighboring material (through boundary conditions). In general, the decomposition (9) is not expected to be compatible, in the sense that, in general, F * and F p may not be the gradients of some smooths motions. If T X and T x denote, respectively, the tangent spaces at the reference and current configurations at particle X and its position x =x(X, t), then the collection B * := {F * : T X −→ T x | X ∈ B 0 } is usually referred to as the intermediate configuration of the crystal. Here the term "configuration" is employed loosely, since B * is not a (differentiable) manifold in the Euclidean ambient space of the motionx, e.g., Acharya and Bassani [1] , Gupta et al [14] .
Taking the time rate in eq.(9), with l :
In particular, if the reference configuration is the current configuration, then the above additive decomposition of l must be identical with the decomposition l = l e + l p featured in eqs. (1) and (2), since the two decompositions are supposed to describe the same kinematics. Furthermore, this must hold for any reference configuration and so
Then given m 0α and n 0α unit vectors in the slip and normal directions in the reference configuration B 0 , the following (natural) evolution law is adopted for the slip systems of the crystal:
where
Thus {m α , n α } convect with the lattice and an observer placed in a frame convecting with the lattice will measure plastic strain as if this would take place in an undistorted (reference) crystal.
There are many other plausible evolution laws which could be assigned to the slip systems, Hill and Rice [19] , Asaro and Rice [5] . In the context of decomposition (10) , once such an evolution law is assigned to the slip systems, then the corresponding characterization of L p follows. For example, if the slip systems are assumed to just rotate rigidly at the spin of the lattice, a case investigated in Soare [30] , i.e.,
of F * and R * U is the rotation at spin (U * U * −1 − U * −1U * )/2. Throughout the rest of this work it will be assumed that the slip systems evolve according to eq. (11) . The main consequence of this assumption is that, in the absence of non-Schmid effects, the structure of the constitutive system at micro and macro-levels enjoys the normality structure, Hill and Rice [19] , Soare [30] .
As stress and strain measures on B 0 we adopt the conjugate pair of the symmetric Kirchhoff stress and Green strain, that is,
Although the next arguments extend to other stress-strain measures, Hill [16] , formulas and derivations are simplest when the pair {S, E} is employed. The reason for this is that simple and explicit pull-back/push-forward formulas relate {S,Ė} to {σ, d}, for any reference configuration, where the fundamental formula D :=Ė = F T dF is recalled. The same pull-back formula must hold for the rate d p defined in eqs. (1) and (2) and hence its image in the reference configuration is
for any second order symmetric tensor a, D pL := F T d pL F then acquires the following representation
obtained by employing eqs. (8) and (11), and where
The yet unspecified Lagrangian tensor of elasticity K is now defined by assuming the crystal enjoys a hyper-elastic response. The safest approach to defining the latter is via the theory of elastic-plastic deformation developed by Hill and Rice [20] . Here, as a particularization of this theory, it is assumed that there exists a symmetric second order tensor E p , which is supposed to characterize the current plastic state of the crystal at particle X, and that there exists an elastic potential φ = φ (E, E p ), such that at any moment during the motion the stress state at particle X is given by
where the implication follows by taking the time rate of the stress-strain relationship in potential form, and where the following definitions have been employed:
In general, the equality D pL =Ė p does not hold, unless K p = K. A sufficient condition for the latter equality to hold is that the elastic potential be of the form
. Under the assumption, acceptable at crystal level, that plastic flow does not alter (significantly) the lattice of the crystal and hence its elasticity, throughout the rest of this work it will be assumed that the elastic potential is independent of the plastic state, that is:
, where E e := E − E p . Thus, here, E p can be regarded as a measure of plastic strain and E e as a measure of the elastic strain. It is underlined that this intuitive description, in terms of elastic and plastic strains, is not valid in case the structure of the crystal is affected significantly by plastic flow.
Regarding the plastic parameter E p , this will be defined, with respect to the chosen reference configuration B 0 , as the solution of the Cauchy probleṁ
Once evolution laws have been assigned to the shear ratesγ α , the above problem characterizes uniquely, via eq. (13), the current value of the plastic parameter E p . This parametrization has the important property that the rate form of the stressstrain relationship in eq. (15) is a perfect image in the reference configuration of the relationship in eq. (7), since D pL =Ė p = D pL , being thus compatible with the kinematics described in the previous section. On the other hand, one can imagine many other definitions for E p , each being associated with a corresponding elastic-plastic additive decomposition, and one further example, popular in many investigations based on crystal plasticity, is described in the Appendix to this work.
Slip activation criterion:
Incorporating non-Schmid effects
Schmid law states that slip system {m α , n α } is inactive as long as τ α < τ α cr , where
α is the resolved shear stress on slip system α; once τ α reaches the critical value τ α cr , slip system α becomes (potentially) active. This activation criterion is accurate as long the motion of the dislocations associated with slip system α is restricted to the slip plane. On the other hand, the motion of dislocations may exhibit deviations from this course. For example, based on atomistic simulations of the motion of 1/2<111> screw dislocations, Vitek et al [34] and Gröger et al [13] describe a more complex phenomenology of yielding in b.c.c. lattices, where the non-planar spreading of the dislocation cores leads to violations of Schmid'law, see also the recent review in Bassani and Racherla [6] . More precisely, besides τ α , other shear components of the stress state are shown to influence the motion of dislocations and these can lead to the switching of the slip plane (cross-slip). To model these phenomena at crystal level, the cited works employ particular forms of an activation criterion proposed in Qin and Bassani [26] , a work, in turn, inspired by a continuum theory of cross-slip effects developed in Asaro and Rice [5] . Qin and Bassani [26] extend Schmid law in the form
, slip system is inactive = τ α c , slip system is (potentially) active (18) where {m α q , n α q } are vectors that sample those components of the stress state which may affect the yielding of the crystal, and a α q 's are scalar constitutive functions. More generally, but retaining the resolved shear stress as the main driving force, the criterion for slip system {n α , m α } can be restated as
, slip system is (potentially) active (19) where the arguments p and p h incorporate all the additional structural parameters that ζ α and ζ α h may depend upon, e.g., the {m [31] and shown to reproduce at macro-level the criterion of Spitzig and Richmond [32] .
By employing the pull-back of a α in eq. (12), so that τ α = σ · a α = (1/J)S · A α , the extension in eq. (19) is reformulated in the reference configuration as follows
It is assumed the ζ α 's and the ζ α h 's are objective functions (like those in eq. (18)), so that the functionsζ α andζ α h are well defined (invariant to any superimposed rotation).
The above extension will be more convenient for the next derivations, since it does not depend explicitly on the volumetric part J. However, strictly speaking, if ζ α ≡ 0 and ζ α h ≡ 0 are to yield the classical Schmid law, the two activation criteria in eqs. (19) and (20) 
In general, for the stress levels sustained by metals, the second term between the square brackets is much smaller than the first, see also Appendix for its analysis; it can be concluded that S · D pL > 0. Let us note also that in the present framework the resolved shear stress τ α can be interpreted as a thermodynamic force conjugate to the corresponding shear displacement γ α only modulo an elastic slip system distortion (the second term between the square brackets). This relaxes the stronger assumption in Rice [27] that τ α be precisely conjugate to γ α .
Flow/Normality rule
Next, the relationship between the direction of plastic flow and the yielding (or activation) surface of the crystal is investigated. Following a convention in Hill and Rice [20] , see also Soare [30] , the symbol δ will be employed in this work to denote the θ-time rate of an object along an elastic deformation history at its starting point, θ = 0, while keeping the reference particle fixed. Thus
signifies an elastic (stress) direction if S θ := S(t + θ), θ > 0, is an elastic stress trajectory for at least some interval (0, θ M ] ∋ θ, with θ M > 0. Then taking the θ-time rate of the elastic stress-strain relationship in eq. (15), in potential form, obtains
Conversely, for any elastic direction δS there exists an elastic trajectory S θ having δS as its rate at θ = 0.
Let S := S(t) represent the current stress; assuming that at t the crystal is in a state of plastic deformation, consider next an arbitrary elastic trajectory S θ = S(t + θ), θ > 0, originating at the current stress S. By eq. (20), there holds:
whence by dividing by θ and taking the limit θ −→ 0:
With C = F T F = F pT C * F p there follows δC * = F p−T δCF p−1 and then, by employing eq. (23):
where, recall, H α was defined in eq. (14) . Since the parameters assembled in P are in general tensor products among lattice vectors, like in eq. (18), then similarly to the above formula for A α one can assume without loss of generality that there exist tensors B and B h of adequate dimensions such that δP = B : δS and δP h = B h : δS. Then one can write
Substituting eqs. (25) (26) (27) into eq. (24), it may be deduced, by the symmetry of K −1 , that for every active slip system there holds
Multiplying, for each α ∈ A, the above inequality with the corresponding shear rateγ α and then summing over the set of active slip systems we finally deduce, by employing eq. (13):
The above inequality is valid for arbitrary elastic directions δS issued at the current yielding stress S. As such, it is equivalent to a flow rule: The bracketed object lies within the normal cone to the activation surface of the crystal, at the current stress. One may note also that the elastic variation δA α depends essentially on the evolution law assigned to the slip systems of the crystal. As such, under the assumptions in eqs. (11) and (17), inequality (28) is optimal: the only source for deviations from the classical normality rule are the non-Schmid effects. Other forms of slip system evolution, or other parameterizations of the plastic state lead, in general, to additional deviations from the normal cone to the activation surface, Soare [30] and Appendix.
Overall characteristics:
Elastic potential and flow rule
The next goal is to deduce the essential, in the sense of Hill [15] , structure of the overall response of a polycrystal whose constituents feature the just described constitutive response. This will be done here by estimating the response of the polycrystal when subject to uniform (or homogeneous) displacement boundary conditions. The general framework for averaging material properties is that described in Hill [18] ; further details can be found in Nemat-Nasser [25] . Consider an aggregate of single crystals, each constituent being characterized by its orientation with respect to the global Cartesian frame in the reference configuration of the aggregate and by its constitutive response as described above. The response of the aggregate is to represent the constitutive response of a macro-particle X, which particle is subjected to the macro deformation gradient F . With F (X, t) denoting the field of deformation gradient within the aggregate, let T := τ F −T = F S denote the corresponding nonsymmetric Piola-Kirchhoff, or nominal stress field. The motion of the aggregate is viewed as a sequence of equilibrium states which are governed by the following equations:
where X is now an explicit argument of the elastic potential, since the constituents may be elastically anisotropic, and Ω is the domain occupied by the aggregate in the reference configuration. Under these conditions, the overall deformation gradient is the direct average of the corresponding field inside the RVE, and the overall nominal stress T is then defined as the direct average of the stress field:
The local nominal stress field satisfies also the equilibrium of momentum of momentum in the form F T T = T F T . Averaging this identity over the domain of the aggregate, and taking into account that T is equilibrated and F is compatible (being the gradient ofx), by Hill's Lemma it follows F T T = T F T . Hill's Lemma applies also to the equilibrated and compatible fields T andḞ , respectively, and hence there holds
To F one can associate an overall Green strain E and a corresponding overall symmetric (by the overall momentum of momentum equilibrium) Piola-Kirchhoff stress S which is defined by requiring that the pairs S, E and T , F be workconjugated:
Macro elastic potential and macro rate of plastic deformation
By definition, the aggregate is subject to elastic deformation if all of its constituents experience elastic deformation. Assume the current stress state is elastic; then given an arbitrary overall direction of motionḞ , there exists a time interval, no matter how small, during which the deformation in this direction remains elastic. Then, with S representing the symmetric P-K stress field within the aggregate and φ the elastic potential, taking into account that the plastic state of the aggregate does not vary during an elastic process, we have, by employing eq.(33):
Following Hill and Rice [20] we define
The third argument of φ, H, may consist of any set of variables that parameterize the plastic state at the continuum particle X. It is assumed that sufficient conditions are met by the local elastic potential φ so that the local deformation gradient F is uniquely determined, via BVP (29)- (31), by the overall deformation gradient F , see, for example, Marsden and Hughes [23] for a discussion on existence and uniqueness of solutions in the context of finite elasticity. Then with F = R U representing the polar decomposition of the macro deformation gradient, and B(X, U , H) the deformation gradient of the solution of BVP (29)- (31) withx(X, t) = U : X on the boundary ∂Ω, the local deformation gradient F corresponding to uniform F on the boundary admits the representation
where, above, it was defined M := (B T B − I)/2 and the relationship U = (I + 2E) 1/2 was considered. Hence the local strain field E is uniquely determined by the macro strain E, justifying the adoption of the second argument of φ. Combining eqs. (35) and (36), recalling that the current deformation is elastic and thatĖ is arbitrary, it follows that
showing that the elastic response of the aggregate is hyper-elastic with the macro potential defined in eq.(36). For simplicity, the macro-particle X will be dropped in what follows. The overall rate of plastic deformation can now be defined by employing the rate version of the stress-strain relationship. Thus, taking the time rate of the stress-stress relationship in eq.(38) along a general path of deformation, involving plastic flow within the aggregate, there follows:
where D :=Ė and:
We call D pL the overall rate of plastic deformation.
Regarding the parametrization of the plastic state of the aggregate, we have, on one hand,
and on the other
from where it follows, by recalling that
Eqs.(38), (40) and (41) are the basis for the specification of the parameters collected under the abstract notation H. An illustration will be instructive, since it will allow us to make contact with the traditional approach to parameterizing the plastic macro-state. However, to make the calculations explicit the general homogenization context will be momentarily relaxed. Illustration. Taylor [33] 's homogenization principle states, based on compatibility reasons, that the deformation is uniform within each constituent and equal to the deformation at the boundary of the aggregate. In the present formalism, this amounts to assuming that M (X, E, H) = E, ∀X ∈ Ω, thus disregarding any equilibrium considerations within the aggregate. Then, by eqs. (38) and (37),
Also, for simplicity, assume that the local elastic potential is the quadratic
. Then straightforward calculations, starting from eq.(36), obtain
and 
Recalling the definitions in eq. (40), one has
hence the above identity is also satisfied. Finally,
and hence the identity in eq. (41) is verified, thus closing our proof. Some of the features of the above example extend to the general case. Indeed, having defined a macro-rate of plastic deformation, by eqs.(39-40), one can always associate with it a measure of plastic deformation in the form of the symmetric second order tensor E p (X, t) solution of the Cauchy probleṁ
Then a parametrization of the plastic state may be given in the form
where Q denotes a set of any additional plastic parameters. With φ = φ E, E p , Q , eq.(41) rewrites:
Formally, nothing seems to prevent the consideration of a macro stress potential of the form φ E, E p , Q = φ E e , Q , with E e := E − E p and possibly different characterizations of the Q-parameters of the φ function. However, in this case the presence of the additional parameters Q is mandatory. Indeed, if these were absent, then due to the relationship ∂φ/∂E p = −∂ φ/∂E e = −S, the above identity would reduce to
This dissipation identity is false, in general; by eq. (56) below, an identity of this type holds, in general, only for elastic directions.
Macro yield surface
The elastic domain at the continuum particle X is defined as the set of all macrostresses S e that can be reached from the current stress S by elastic deformation of the aggregate, [15] . The overall stress associated with an elastic process starting at F , the deformation gradient at the current moment t, and ending at F e is
with E e denoting the Green strain associated with F e . It is assumed that the single crystal potential is strictly convex and co-finite, Rockafellar [28] , so that by eq.(36) the overall potential φ is also strictly convex and co-finite. Under these conditions the above stress-strain relationship can be inverted in the form
The local stress field S e can now be calculated in terms of the overall stress S e via eqs. (15) and (37). Then eq. (20) leads to the following set of inequalities to be satisfied by S
for all α ∈ S and every X ∈ Ω, where E e is given by eq.(46) and A α also depend on the current stress state via eq. (12) . In general, it cannot be expected that the set defined by each of the above inequalities be convex, see Appendix for a counterexample. On the other hand, deviations from convexity are so small that one may assume, without much loss in rigor, that the intersection of the sets defined by the above set of inequalities is convex.
Based on the above inequalities, it will be assumed that the macro elastic domain can be characterized by employing a yield function f in the form
where g S e , ... := g τ S e , ... + g l S e , ... is to be representative of the lefthand side of the inequalities in eq.(47), and referred to as the equivalent macrostress; g τ S e , ... is representative of the left-hand side if the contributions ofζ α in eq.(47) were absent; h(...)g r S e , ... is to represent the right-hand side, being referred to as the hardening part of the macro yield function. Only the macrostress has been shown explicitly as argument since this will be relevant for our next developments; the dots are to represent any additional (structural) parameters that may be required for characterizing the shape and symmetries of the macro elastic domain, or its size. The macro yield surface is by definition the boundary of the macro elastic domain; it is characterized by f S e , ... = 0.
Macro flow rule
Consider an arbitrary elastic direction of motion, originating at the current moment t; this is a velocity field δx for which there exists a time interval such that continuing the motion in this direction would induce an elastic state within the aggregate, Soare [30] . It is characterized by the following BVP, obtained by linearizing BVP (29)- (31) at t with fixed plastic state:
Corresponding macro elastic directions are defined as:
with K defined in eq.(40). During the virtual (or θ-)motion relationship (37) continues to hold and hence, by taking the θ-time rate, at θ = 0, the local strain and stress fields are determined by the macro strain and stress increments as follows:
Next, by employing the local stress-strain relationship in eq.(15) and the symmetry of K:
The last member in the above sequence of equalities is an instance of Hill's differential form, Hill [17] , Hill [18] . This form has the remarkable property that is invariant to changes of conjugate stress-strain measures. For our purpose, the conjugate pair (T , F ) is of primary interest; it is related to the pair (S, E) by:
With these relationships the following identity is easily verified:
Now (δT ,Ḟ ) and (Ṫ , δF ) are pairs of equilibrated and compatible fields and hence an average relationship like eq. (33) holds for each. Then averaging in (53) and employing (54) there follows
By eq.(39), the bracketed term on the right of the last equality above is the macrorate of plastic deformation, D pL . Then, by substituting in the integral term, above, the relationship in eq.(51) between the local and macro elastic stress directions, one obtains an identity valid for arbitrary δS, leading to the following representation of the macro-rate of plastic deformation:
Averaging over the domain of the aggregate the inequality in eq. (28), and employing eqs.(56) and (51), results in the inequality
valid for any macro elastic direction δS. Assuming the macro yield function is smooth, the above inequality then translates into the following flow rule
withλ denoting a scalar parameter characterizing the magnitude of D pL + Z.
Eulerian description
Since many of the current investigations in metal plasticity employ a hypo-elastic formulation of the stress-strain response, it is perhaps not without relevance to rephrase the essence of the above results in terms of spatial objects (defined on the current configuration of the continuum body). With S and τ := Jσ (re)denoting the symmetric P-K and, respectively, the Kirchhoff macro-stresses, the stress-strain relationship, in the rate form of eq.(39), reads, in the reference and current configurations:
where d is the eulerian macro-rate of deformation, i.e. the symmetric part of the spatial velocity gradient l, F the macro deformation gradient,
In the context of Section 6.2, let ∆F e = F e F −1 denote the macro deformation gradient of an arbitrary macro elastic deformation starting from the current configuration defined by the macro deformation gradient F . With the polar decomposition ∆F e = RU , for any elastic stress state S e there holds S e = F e−1 τ F e−T =
Since the deformation is elastic, S e and U are in a one-to-one relationship and hence τ R and S e also are in a one-to-one
now denoting the overall yield surface defined in eq.(48). Letting Q denote the rotation associated with the material spin,Q = wQ, a further definition of the macro yield function written with respect to axes that spin with w, f
..), allows us to characterize the elastic domain in the form f Q (τ Q , ..) < 0; also, by defining f (τ , ...
..), one can reformulate this characterization in terms of the Kirchhoff stress itself by writing f (τ , ...) < 0. In the latter case it is implied that, for anisotropic yielding properties, the arguments of f include some characteristic structural tensors, e.g., Liu [22] , Boehler [9] , for otherwise the principle of objectivity would restrict f to an isotropic function.
With f Q describing the elastic domain, its elastic directions, issued at the current stress τ , are of the form δτ Q = Q T (δτ + τ w − wτ )Q = Q T (δ J τ )Q, the latter equality serving as definition of the operator δ 
With δτ Q arbitrary, from the last inequality above there follows
This is the Eulerian form of the flow rule in eq.(58). When non-Schmid effects are absent, it reduces to the classical normality rule. Finally, let us note that by the definition of Z and Z in eqs. (57) and (28), the deviation from the normal direction can be decomposed as z = z l + z r , where z is representative of ζ α (or "left-hand") effects, whereas z r is representative of ζ α h
(or "right-hand") effects; also, by eq.(48), the yield function admits the Eulerian representation f (τ , ...) = g τ (τ , ...) + g l (τ , ...) − h(...)g r (τ , ...). Then the flow rule in eq.(60) can be further specified in the form:
Conclusions
The overall response of a polycrystal, representative of a continuum particle X, has been analyzed here under the following conditions: 1) the stress-strain response of a constituent crystal derives from an elastic potential; 2) the slip systems of a constituent convect with the crystal lattice; 3) an extended Schmid law, incorporating non-Schmid effects, characterizes slip activity. Then a macro elastic potential Φ = Φ(E, H) exists, Hill and Rice [20] , such that the response at particle X is given by
where S and E are the symmetric Piola-Kirchhoff stress and the Green strain with respect to a reference configuration. H is a collection of variables that parameterize the current plastic state at particle X. A macro yield function exists and describes the elastic domain at particle X via the inequality f (S, ...) = g(S, ...) − h(...)g h (S, ...) < 0, where h(...) is a macro-measure of hardening. The evolution of the plastic state is characterized by the associated flow rule
whereλ is further determined, as usual, from the consistency condition.
H is the macro-rate of plastic deformation and Z is a symmetric second order tensor representative of the non-Schmid effects manifesting at constituent level.
It may therefore be concluded that if the resolved shear stress on a slip system is the main factor influencing the activity of that slip system, then the overall direction of plastic deformation and the exterior normal to the macro yield surface are always related by an associated flow rule. When non-Schmid effects are present, an additional macro-variable, Z, enters additively the flow rule, measuring the deviation of the overall rate of plastic deformation from the stress-gradient of the macro yield surface. let dX ∈ T X be an arbitrary vector with its image dx = F : dX = F * : dX p ; with dl p and dl denoting the lengths of dX in the intermediate and current configurations,
With dX p = F p : dX, there follows:
and the total and plastic Green strain tensors E and E p defined by
The additive decomposition in eq.(66), i.e. E = E e + E p , was postulated in the pioneering work of Green and Naghdi [11] on a macro-plasticity theory at finite strain. By the above arguments, it is equivalent with the multiplicative decomposition in eq. (9) . However, one may note that this decomposition differs from the one associated with the plastic parameter defined in eq. (17) . One may also note that both E p and E e are invariant to any orthogonal transformation of the intermediary configuration, hence the advantage of using a Lagrangian formulation based on the reference state over a Lagrangian formulation based on the intermediary configuration, the latter being prominent in many of the recent works on crystal plasticity; see also the discussion in Green and Naghdi [12] . E p can now be employed to parameterize the plastic state of the crystal. For example, an elastic potential often employed to model the elasticity of single crystals is the quadratic in E e , leading to a "linear" stress-strain relationship
with K being a constant symmetric and positive definite fourth order tensor, e.g., Kalidindi et al [21] , Anand and Kothari [2] , or Miehe et al [24] . Certainly, eq.(68) reproduces the basic features of small strain elasticity, appropriate for metals, when E e is in a small vicinity of 0. It is remarked that in the cited works, E * , as defined by eq.(64), is used as primary elastic strain measure, and the symmetric Kirchhoff stress S * := F * −1 J * σF * −T as stress measure in the intermediate configuration, to define the elastic law in the form S * = K : E * . This relationship can be obtained by the push-forward of eq.(68) to the intermediate configuration, while assuming, formally, that K is left unchanged by plastic flow, that is, by F p Then the rate of plastic deformation takes the form
Of further interest is its relationship with the rate D pL defined in eq. (13 
recalling the relationship in eq. (13) and, for simplicity, employing the stress-strain relationship in eq.(68), there follows
and where, for a more compact writing, the definition L p := F p−1 L p F p has been employed.
Appendix A.2 A study of the convexity of the activation surface
With slip systems evolving according to eq.(11), the activation surface of the crystal is defined by eq. (20) . Since slip directions are embedded into the lattice, they are subject to the influence of any deformation history and in particular to that of elastic unloading. A consequence of this is that the elastic domain (at a particle of the crystal) is not convex in general. To show this, it is will be assumed that the stress-strain relationship is given by that in eq.(68) and that non-Schmid effects are absent. With S denoting the current stress state, the current elastic domain of the crystal is defined as the set of all stress states S e that can be reached starting from S by a purely elastic deformation process. Let F and F e denote the deformation gradients corresponding to S and S e , respectively. With S e corresponding to an elastic state, the plastic state of the crystal at S and S e is the same. Then S = K : (C − C p )/2 and S e = K : (C e − C p )/2 = S + K : (C e − C)/2
Also, it follows that F e = (F e ) * F p and hence C e := (F e ) T (F e ) = F pT (C e ) * F p . Then by eq.(12) the A-tensor of slip system α corresponding to the stress state S e is given by the formula
The elastic domain is then characterized by:
Solving eq. (72) for C e and substituting the result into the above inequality leads to the following quadratic set of inequalities to be satisfied by S e :
where the quadratic term in each inequality reads 
for any reals t 1 and t 2 , where the notations m := |F p−1 : m α |, n := |F pT : n α | have been employed. In particular, with 6a + 4b > 0, when t 1 t 2 < 0 it follows that φ α (t 1 I + t 2 S H ) < 0 thus showing that φ α is not a positive definite quadratic. More precisely, for each α the nature of the above quadratic is hyperbolic and hence the elastic domain of the crystal, as defined by eq. (74) is not a convex set.
For moderate stresses the quadratic terms gathered in φ α are barely "visible", their amplitude being several orders smaller than that of the linear terms. In other words, the overall shape of the elastic domain of the crystal is that resulting from the linear part of the activation criterion, while the quadratic terms just superimpose small variations upon it.
